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Abstract
We extend the well known notion of coideal on N to families of block sequences
on FINk and prove that if a coideal of block sequences is semiselective and satisfies
a local version of Gowers’ theorem [8] then the local Ramsey property relative to it
can be characterized in terms of the abstract Baire property, and the family of all
sets having the local Ramsey property relative to one such coideal is closed under the
Suslin operation. We also prove that these coideals satisfy a sort of canonical partition
property in the sense of Taylor [20], Lo´pez-Abad [11] and Blass [1]. This results give
us an idea of the conditions to be considered in an abstract study of the local Ramsey
property in the context of topological Ramsey spaces (see [21]).
Keywords: semiselective coideal; Gowers’ theorem; local Ramsey property; topological
Ramsey space; canonical partition property
1 Introduction
Let N be the set of nonnegative integers. For a given A ⊆ N, let A[∞] = {X ⊆ A : |X| =∞}
and A[<∞] = {X ⊆ A : |X| <∞}. Consider the sets of the form:
[a, A] = {B ∈ N[∞] : a ⊏ B ⊆ a ∪ A}
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where a ∈ N[<∞], A ∈ N[∞] and a ⊏ B means that a is an initial segment of B. The
relativized version of the completely Ramsey property (see [7]) for subsets of N[∞], known
as local Ramsey property, is the following:
For a family H ⊆ N[∞], a set X ⊆ N[∞] is said to be H–Ramsey if for every [a, A] with A ∈ H
there exists B ∈ H with [a, B] ⊆ [a, A] such that [a, B] ⊆ X or [a, B] ∩ X = ∅. X is said
to be H–Ramsey null if for every [a, A] with A ∈ H there exists B ∈ H with [a, B] ⊆ [a, A]
such that [a, B] ∩ X = ∅.
In [12], Mathias introduces the happy families (or selective coideals) of subsets of N and
study the local Ramsey property relative to such families. Then he proves that the analytic
subsets of N[∞] are U–Ramsey when U is a Ramsey ultrafilter and generalizes this result
for arbitrary happy families. Farah [5] improved this results by introducing the notion of
semiselectivity and proving that a coideal is semiselective if and only if the local Ramsey
property is equivalent to a version of the abstract Baire property relative to that coideal.
Let FINk be the discretization of the positive part of the unit sphere of the Banach space
c0 used by Gowers to study a sort of stability for Lipschitz functions (see [8]). In this work,
the notions of coideal on N and semiselectivity are extended to families of block sequences
on FINk and it is proven that if a coideal of block sequences is semiselective and satisfies a
local version of Gowers’ theorem [8] then the results from [5] can be translated to the context
of FINk. The structure of this work is as follows: in section 2 we present the definition of
FINk and related notions and state some useful known results. In section 3, the notion of
coideal of block sequences is introduced, semiselectivity and the Gowers property for coideals
of block sequences are analized, and some examples are given. The corresponding local
Ramsey property is proven to be equivalent to a version of the abstract Baire property,
when relativized to a semiselective Gowers coideal of block sequences. In section 5 we prove
that, relative to one such coideal, the family of locally Ramsey sets in this context is closed
under the Suslin operation, showing in this way that this family includes the analytic sets.
In section 6, we show that every semiselective Gowers coideal satisfies a sort of canonical
partition property, in the sense of Taylor [20], Lo´pez-Abad [11] and Blass [1].
2 Preliminaries
Fix an integer k ≥ 1. Given a function p : N→ {0, 1, . . . , k}, denote supp(p) = {n : p(n) 6= 0}
and rang(p) the image set of p. Consider the set
FINk = {p : N→ {0, 1, . . . , k} : |supp(p)| <∞ and k ∈ rang(p)}.
We say that X = (xn)n∈I ⊆ FINk, with I ∈ P(N) is a basic block sequence if
n < m ⇒ max(supp(xn)) < min(supp(xm))
The length of X , denoted by |X|, is the cardinality of I. For infinite basic block sequences
(i.e., basic block sequences of infinite length) we assume that I = N. Define T : FINk →
FINk−1 by
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T (p)(n) =max{p(n)− 1, 0}
For j ∈ N, T (j) is the j-th iteration of T , i.e., T (0)(p) = p and T (j+1)(p) = T (T (j)(p)). Given
a basic block sequence A = (an)n∈I we define [A] ⊆ FINk as the set whose elements are all
the functions of the form
a = T (j0)(an0) + T
(j1)(an1) + · · ·+ T
(jr)(anr)
with n0 < n1 < · · · < nr ∈ I, {j0, j1, · · · , jr} ⊆ {0, 1, . . . , k}, and ji = 0 for some i ∈
{0, 1, . . . , r}. In this case we say that a is obtained from A by the tetris operation. Denote
by FIN
[∞]
k (resp. FIN
[<∞]
k ), the set of infinite (resp. finite) basic block sequences. Also,
denote by FIN
[n]
k the set of finite basic block sequences of length n. For a = (a1, a2, . . . , an) ∈
FIN
[n]
k , let supp(a) = ∪
n
j=1supp(aj). For A, B ∈ FIN
[∞]
k , define
A ≤ B ⇔ A ⊆ [B]
If A = (a1, a2, . . . ) ∈ FIN
[∞]
k , for every integer n ≥ 1, denote
A ↾ n := (a1, a2, . . . , an) ∈ FIN
[n]
k
and A ↾ 0 := ∅. We say that a ∈ FIN
[<∞]
k is compatible with A (or A is compatible with a)
if there exists B ≤ A such that a = B ↾ n for some n. In this case we say that a is an initial
segment of B and write a ⊏ B. Denote by [A][<∞] (resp. [A][n]) the set of those members of
FIN
[<∞]
k (resp. FIN
[n]
k ) which are compatibles with A.
FINk is the discretization of the positive part of the unit sphere of the Banach space c0
used by Gowers [8] to study a sort of stability for Lipschitz functions. The following is the
combinatorial tool used to prove the main result contained in [8]. It will play an important
role in our study of the local Ramsey property in the sequel:
Theorem 1 (Gowers [8]). Given an integer r > 0 and
f : FINk → {0, 1, . . . , r − 1}
there exists A ∈ FIN
[∞]
k such that f is constant on [A].
Let FIN = N[<∞] \ {∅}. There is an obvious way to identify FIN with FIN1. In this way,
for k = 1 Theorem 1 reduces to Hindman’s theorem [9].
Given n ∈ N, let en : N → {0, 1, . . . , k} be defined as en(n) = k and en(m) = 0, for every
m 6= n. It is clear that [(en)n] = FINk. So, if A = (an)n ∈ FIN
[∞]
k then using the canonical
isomorphism Φ : FINk → [A] obtained by extending the mapping en 7→ an, the following
“relativized” version of Gowers’ theorem can be proven:
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Theorem 2. Given an integer r > 0, A ∈ FIN
[∞]
k and
f : [A]→ {0, 1, . . . , r − 1}
there exists B ≤ A such that f is constant on [B].
For a = (a1, . . . , an), b = (b1, . . . , bm) ∈ FIN
[<∞]
k , write a < b to mean max(supp(a)) <
min(supp(b)). Notice that if a < b then we can build the “concatenation” c = aab =
(a1, . . . , an, b1, . . . , bm) ∈ FIN
[<∞]
k . Define
[A][<∞]/a = {b ∈ [A][<∞] : a < b}
A/a = {b ∈ A : a < b}
and for every n ∈ N,
A/n = {b ∈ A : n < min(supp(b))}
Notice that A/a,A/n ∈ FIN
[∞]
k . Also, define the “Ellentuck type” neighborhood
[a, A] := {B ∈ FIN
[∞]
k : a ⊏ B and B/a ⊆ [A]}
Notice that if a ∈ [A][<∞] then
[a, A] = {B ∈ FIN
[∞]
k : a ⊏ B and B ≤ A}
Also, let
[a, A][n] :=
⋃
{[B][n] : B ∈ [a, A]}.
and
[a, A][<∞] =
⋃
n
[a, A][n].
3 Coideals of block sequences
Definition 3.1. We say that H ⊆ FIN
[∞]
k is a coideal of block sequences or a coideal
on (FIN
[∞]
k ,≤) if it satisfies the following:
1. If A ≤ B and A ∈ H then B ∈ H.
2. Given A ∈ H and a partition A = B ∪ C, there exists D ∈ H such that D ≤ B or
D ≤ C.
Notation. For S ⊆ FIN [∞]k and A ∈ FIN
[∞]
k , denote
S↾A := {B ∈ S : B ≤ A}
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FIN
[∞]
k is a trivial example of a coideal of block sequences. To see another example, consider
a coideal H on N and for every A ∈ FIN
[∞]
k define
µ(A) =
⋃
a∈A
{n ∈ N : a(n) = k}
Then
H = {A ∈ FIN
[∞]
k : µ(A) ∈ H}
is a coideal of block sequences.
Definition 3.2. Given S ⊆ FIN
[∞]
k , we say that S is Gowers or has the Gowers prop-
erty if for every integer r > 0, A ∈ H and f : FINk → {0, 1, . . . , r−1} there exists B ∈ S↾A
such that f is constant on [B].
To give some examples of coideals of block sequences having the Gowers property we shall
use the following consequence of Gowers’ theorem.
Proposition 1. Let H ⊆ FIN [∞]k be such that
1. If A ≤ B and A ∈ H then B ∈ H.
2. ∀A ∈ H ∃B ≤ A ([0, B] ⊆ H).
Then H is a Gowers coideal of block sequences.
Proof. Given r, A and f as in the definition 3.2, consider B as in part (2) of the hypothesis
and apply Theorem 1 to r, B and f to obtain B′ ≤ B such that f is constant on [B′]. Since
B′ ∈ [0, B] ⊆ H, we have that H is Gowers. It is clear that part (2) of the definition of
coideal follows from H being Gowers. This concludes the proof.
Now we give some examples of Gowers coideals. Fix a nonempty A ⊆ FIN
[∞]
k and define
A⊤ = {B ∈ FIN
[∞]
k : ∃A ∈ A ∃C ≤ B(C ≤ A)}
It is clear that A⊤ satisfies (1) and (2) of proposition 1, hence A⊤ is a Gowers coideal of
block sequences, for every choice of A. Another feature of these examples is a property which
is analogous to semiselectivity for coideals on N.
A set D ⊆ FIN
[∞]
k is dense open if it satisfies:
I) If B ∈ D and A ≤ B then A ∈ D.
II) ∀A ∈ FIN
[∞]
k ∃B ∈ D (B ≤ A).
Also, if (An)n≥1 is a decreasing sequence in (FIN
[∞]
k ,≤), we say that B ∈ FIN
[∞]
k is a
diagonalization of (An)n≥1 if B/b ≤ An, for every b ∈ [B] with n = max(supp(b)). Notice
that for such B we have [b, B] ⊆ [b, An], for every b ∈ [B]
[<∞] with n = max(supp(b)).
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Definition 3.3. We say that H ⊆ FIN
[∞]
k is semiselective if given A ∈ H and a sequence
(Dn)n ⊆ H of dense open sets, there exists a decreasing (An)n with An ∈ Dn for all n and
B ∈ H↾A such that B diagonalizes (An)n. Also, we say that B is a diagonalization of the
sequence (Dn)n. (In other words, the set of diagonalizations of (Dn)n is dense in (H,≤)).
Let us see that every A⊤ as defined above is semiselective: Let (Dn)n ⊆ A
⊤ be a sequence
of dense open sets. Given A ∈ A⊤, fix B ≤ A such that [0, B] ⊆ A⊤. Using the density of
each Dn, it is easy to choose a decreasing sequence (An)n with An ∈ Dn with A0 ≤ B. If
we pick cn ∈ [An] with cn < cn+1 then C = {c0, c1, . . . } ≤ B and diagonalizes (Dn)n. But
C ∈ A⊤, so we are done.
We have given a scheme of examples of semiselective Gowers coideals. In next section we
shall see that this type of coideals is very convenient for our study.
4 The Ramsey property
For the next two definitions, let H be a coideal on (FIN
[∞]
k ,≤).
Definition 4.1. X ⊆ FIN
[∞]
k is H–Ramsey if given A ∈ H and a ∈ FIN
[<∞]
k there exists
B ∈ [a, A]∩H such that [a, B] ⊆ X or [a, B]∩X = ∅. If for every A ∈ H and a ∈ FIN
[<∞]
k
there exists B ∈ [a, A] ∩H such that [a, B] ∩ X = ∅, we say that X is H–Ramsey null.
Definition 4.2. X ⊆ FIN
[∞]
k is H–Baire if given A ∈ H and a ∈ FIN
[<∞]
k there exists
[b, B] ⊆ [a, A], with B ∈ H, such that [b, B] ⊆ X or [b, B] ∩ X = ∅. If for every A ∈ H and
a ∈ FIN
[<∞]
k there exists [b, B] ⊆ [a, A] with B ∈ H, such that [b, B] ∩ X = ∅, we say that
X is H–nowhere dense.
The main result of this work is the following.
Theorem 3. If H is a semiselective Gowers coideal of block sequences then, for every X ⊆
FIN
[∞]
k :
1. X is H–Ramsey iff X is H–Baire.
2. X is H–Ramsey null iff X is H– nowhere dense.
One of the consequence of Theorem 3 is that analytic subsets of FIN
[∞]
k are H–Ramsey, for
every semiselective Gowers coideal of block sequences H. Here we are viewing FIN
[∞]
k as a
subspace of FINNk with the (metric) product topology, regarding FINk as a discrete space;
we will see more about this in Section 5 (see Theorem 5 below). In Section 6 we will use
this fact to show that semiselective Gowers coideals satisfy a canonical partition property
(see Theorem 12) similar to the one satisfied by stable ordered-union ultrafilters in [1] and
related to the generalization of Taylor’s theorem [20] due to Lo´pez-Abad [11].
Before showing our proof of Theorem 3, we will need to prove a version of the semiselective
Galvin’s lemma (see [5] and [6]), for the context of FINk.
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Let us consider the following combinatorial forcing. Fix a coideal H and F ⊆ FIN
[<∞]
k . We
say that B ∈ H accepts a ∈ FIN
[<∞]
k if for every B
′ ∈ [a, B] there exists b ∈ F such that
b ⊏ B′. B rejects a if no member of [a, B] ∩H accepts a; and B decides a if B accepts or
rejects a. This combinatorial forcing has the following features:
Lemma 1. If H is Gowers then:
1. If B accepts (rejects) a, then every B′ ∈ H↾B accepts (rejects) a.
2. Given B ∈ H and a ∈ FIN
[<∞]
k there exists B
′ ∈ H↾B which decides a.
3. If B accepts a then B accepts every b ∈ [a, B][|a|+1].
4. If B rejects a then there exists B′ ∈ [a, B] ∩ H such that B does not accept any
b ∈ [a, B′][|a|+1].
Proof. 1–3 follow from the definitions. To prove 4, let
O = {b ∈ FIN
[|a|+1]
k : B accepts b}
Notice that, since H is Gowers there exists B′ ∈ [a, B] ∩ H such that
[a, B′][|a|+1] ⊆ O or [a, B′][|a|+1] ⊆ O c
Suppose that [a, B′][|a|+1] ⊆ O. Since
[a, B′] =
⋃
b∈[a,B′][|a|+1]
[b, B′]
we have that B′ accepts a, which contradicts that B rejects a. Hence, [a, B′][|a|+1] ⊆ O c and
therefore, B does not accept any b ∈ [a, B′][|a|+1].
Lemma 2. If H is semiselective and Gowers then for every A ∈ H there exists B ∈ H↾A
which decides every b ∈ [B][<∞].
Proof. Let A ∈ H be given. For every a ∈ FIN
[<∞]
k define
Da = {C ∈ H : C decides a}
By lemma 1, Da is dense open in (H,≤). For every n ∈ N, let
Dn = ∩{Da : max(supp(a)) ≤ n}.
Then every Dn is also dense open in (H,≤). Let B ∈ H↾A be a diagonalization of (Dn)n.
Then, for every b ∈ [B][<∞] with max(supp(b)) = n there exists D ∈ Dn such that [b, B] ⊆
[b,D]. Thus, B decides b.
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Theorem 4 (Semiselective Galvin’s lemma for block sequences). Given a semiselective Gow-
ers coideal H, A ∈ H and F ⊆ FIN
[<∞]
k , there exists B ∈ H↾A such that:
1. [B][<∞] ∩ F = ∅, or
2. ∀C ∈ [∅, B] (∃ a ∈ F) (a ⊏ C).
Proof. Fix a semiselective Gowers coideal H, A ∈ H and F ⊆ FIN
[<∞]
k . Consider the
combinatorial forcing defined above and let B ∈ H↾A be as in lemma 2. If B accepts ∅ then
Part 2 of the theorem holds, so suppose that B rejects ∅. For every a ∈ [B][<∞] define
Da = {C ∈ H↾B : C rejects every b ∈ r|a|+1([a, C])},
if B rejects a; and Da = H↾B, otherwise. Then every Da is dense open in (H↾B,≤). Let B1
be a diagonalization of (Da)a in H↾B. Let us see that B1 rejects every a ∈ [B1]
[<∞]:
In fact, B1 rejects ∅ since B rejects ∅. Assume that B1 rejects every a ∈ [B1]
[n] and consider
b ∈ [B1]
[n+1]. Then b ∈ [a, B1]
[n+1] for some a ∈ [B1]
[n]. Let D ∈ Da be such that B1/a ≤ D.
Since [b, B1] ⊆ [b,D] and D rejects b (Da 6= H↾B because B1 rejects a), we have that B1
rejects b. Thus, no member of [B1]
[<∞] is in F and so Part 1 of the theorem holds.
Corollary 1 (Galvn’s lemma for block sequences). Given F ⊆ FIN
[<∞]
k and A ∈ FIN
[∞]
k ,
there exists B ≤ A such that:
1. [B][<∞] ∩ F = ∅, or
2. ∀C ∈ [∅, B] (∃ a ∈ F) (a ⊏ C).
It is not hard to prove the following generalization of Theorem 4:
Theorem 5. Given a semiselective Gowers coideal H ⊆ FIN
[∞]
k , A ∈ H, F ⊆ FIN
[<∞]
k
and a ∈ FIN
[<∞]
k , there exists B ∈ [a, A] ∩H such that:
1. [a, B][<∞] ∩ F = ∅, or
2. ∀C ∈ [a, B] (∃ b ∈ F) (b ⊏ C).
We are now ready to prove our main result.
Proof of Theorem 3. Let H be a semiselective Gowers coideal. To obtain Part 1 we only
have to prove the implication (⇐). Let X be H–Baire in FIN
[∞]
k . Fix [a, A] with A ∈ H
and define
F0 = {b ∈ FIN
[∞]
k : a ⊑ b and [b, A] ⊆ X}
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Consider B0 ∈ [a, A]∩H as in Theorem 5 when applied to F0, a and B. If Part 2 of Theorem
5 holds then [a, B0] ⊆ X and we are done. Otherwise define
F1 = {b ∈ [B0]
[<∞] : a ⊑ b and [b, B0] ∩ X = ∅}
Consider B1 ∈ [a, B0] ∩ H as in Theorem 5 when applied to F1, a and B0. If Part 2 of
Theorem 5 holds for B1 then [a, B1] ∩ X = ∅ and we are done. We claim that Part 1 of
Theorem 5 is not possible for B1: otherwise, we could find B2 ∈ [a, B1]∩H as in Theorem 5
when applied to F0 ∪F1, a and B1 which would necessarily satisfy [B2]
[<∞] ∩ (F0 ∪F1) = ∅.
But this would contradict that X is H–Baire.
To obtain Part 2, again, we only have to prove the implication (⇐). But it follows easily
from Part 1 because any set which is H– nowhere dense and H–Ramsey must necessarily be
H–Ramsey null. This concludes the proof of Theorem 3.
The basic sets of the metric topology of FIN
[∞]
k as a subspace of FIN
N
k are of the form
[b] = {A ∈ FIN
[∞]
k : b ⊏ A},
with b ∈ FIN
[<∞]
k . As another consequence of Theorem 4, we have the following:
Corollary 2. If H is a semiselective Gowers coideal of block sequences then every metric
open subset of FIN
[∞]
k is H–Ramsey.
Proof. Let X ⊆ FIN
[∞]
k be open and fix [a, A]. Without loss of generality we can assume
that a = ∅. There exists F ⊆ FIN [<∞]k such that X =
⋃
b∈F [b]. Let B ≤ A be as in Theorem
4. If parte 1 from the theorem 4 holds then [0, B] ⊆ X c. If part 2 from the Theorem 4 holds,
then [0, B] ⊆ X .
In the next section we will see that in fact every analytic subset of FIN
[∞]
k is H–Ramsey.
We finish this section by proving from Theorem 4 the following local version of a generaliza-
tion of Gowers’ theorem [8] due to Todorcevic’s [22]:
Theorem 6. Assume that H ⊆ FIN
[∞]
k is a semiselective Gowers coideal and n ∈ N. Then,
for every r ∈ N, r > 1, and every f : FIN
[n]
k → {0, 1, . . . , r − 1} and A ∈ H, there exists
B ∈ H↾A such that f is constant on [B][n].
Proof. For the case r = 2, let F = f−1({0}) and consider B ∈ H↾A as in Theorem 4. For
r > 2, the required result follows by induction on r.
Definition 4.3. A coideal H on (FIN
[∞]
k ,≤) is Ramsey if for every X ⊆ FIN
[2]
k , there
exists B ∈ H such that [B][2] ⊆ X or [B][2] ∩ X = ∅.
So Theorem 6 says that every semiselective Gowers coideal is a Ramsey coideal.
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5 The Suslin operation
Recall that given a set X and a family P of subsets of X , two subsets A, B of X are said
to be compatible with respect to P if there exists C ∈ P such that C ⊆ A ∩ B. The family
P is said to be M-like if given Q ⊆ P with |Q| < |P|, every member of P which is not
compatible with any member of Q is compatible with X \
⋃
Q. Also, recall that a σ-algebra
A of subsets of X together with a σ-ideal A0 ⊆ A is a Marczewski pair if for every A ⊆ X
there exists Φ(A) ∈ A such that A ⊆ Φ(A) and for every B ⊆ Φ(A) \ A, B ∈ A ⇒ B ∈ A0.
The goal of this section is to show that the family of H–Ramsey subsets of FIN [∞]k is closed
under the Suslin operation, whenever H is a semiselective Gowers coideal of block sequences.
Given a family (Xa)a∈FIN [<∞]
k
of subsets of FIN
[∞]
k , the result of applying the Suslin operation
to this family is: ⋃
A∈FIN
[∞]
k
⋂
n∈N
XA↾n
The following is a well known fact:
Theorem 7 (Marczewski). Every σ-algebra of sets which together with a σ-ideal is a Mar-
czeswki pair, is closed under the Suslin operation.
The following proposition shows that the family R(H) of H–Ramsey subsets of FIN [∞]k is a
σ-algebra and the collection R0(H) of H–Ramsey null subsets of FIN
[∞]
k is a σ-ideal of it.
Proposition 2. If H ⊆ FIN
[∞]
k is a semiselective Gowers coideal of block sequences then
the families of H–Ramsey and H–Ramsey null subsets of FIN
[∞]
k are closed under countable
union.
Proof. Fix [a, A] with A ∈ H. Again, we will suppose that a = ∅.
Suppose that (Xn)n≥1 is a sequence of H–Ramsey null subsets of FIN
[∞]
k . We can and will
also assume that Xn ⊆ Xn+1 for all n without loss of generality. For every b ∈ FIN
[<∞]
k
define
Db = {C ∈ H : [b, C] ∩ Xn = ∅ for all n ≤ |b|}
Every such Db is dense open in (H,≤). For every n ∈ N, let
Dn =
⋂
{Db : max(supp(b)) ≤ n}.
Then every Dn is dense open too. Let B ∈ H ↾A be a diagonalization of (Dn)n. Then
[0, B] ∩
⋃
nXn = ∅.
Now, suppose that (Xn)n≥1 is a sequence of H–Ramsey subsets of FIN
[∞]
k . If there exists
B ∈ H↾A such that [0, B] ⊆ Xn for some n, we are done. Otherwise, using an argument
similar to the one above, we prove that
⋃
Xn is H–Ramsey null.
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Given a semiselective Gowers coideal H ⊆ FIN
[∞]
k , in order to show that (R(H),R0(H))
forms a Marczeswki pair it is sufficient to prove the following (see [16], [18] or [5]):
Proposition 3. Let H be a semiselective Gowers coideal of block sequences. Assuming CH,
the family
Exp(H) := {[a, A] : a ∈ FIN [∞]k , A ∈ H}
is M-like.
Proof. Consider B ⊆ Exp(H) with |B| < |Exp(H)| = 2ℵ0 and suppose that [a, A] ∈ Exp(H)
and [a, A] is not compatible with any member of B, i. e. for every Y ∈ B, Y ∩ [a, A] does
not contain any member of Exp(H). We claim that [a, A] is compatible with FIN
[∞]
k r
⋃
B.
In fact:
By proposition 2,
⋃
B is H–Ramsey. So, there exist B ∈ H ↾ A such that:
1. [a, B] ⊆
⋃
B or
2. [a, B] ⊆ FIN [∞]k r
⋃
B
Alternative 1 is not possible because [a, A] is not compatible with any member of B. This
completes the proof.
Corollary 3. Assuming CH, if H is a semiselective Gowers coideal on (FIN
[∞]
k ,≤) then
(R(H),R0(H)) forms a Marczeswki pair.
Now we use the following result due to Platek [19]:
Theorem 8. The use of CH can be eliminated from the proof of any statement involving
only quantification over the reals and possibly some fixed set of reals as a predicate.
Since the statement
“
⋃
A∈FIN
[∞]
k
⋂
n∈NXA↾n is not H–Ramsey”
is false under CH by Theorem 7 and it has the form required in Theorem 8, we have the
following:
Corollary 4. If H is a semiselective Gowers coideal of block sequences then the family of
H–Ramsey subsets of FIN
[∞]
k is closed under the Suslin operation,
Corollary 5. If H is a semiselective Gowers coideal of block sequences then every metric
analytic subset of FIN
[∞]
k is H–Ramsey.
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6 Canonical partition property
On FIN (i.e., FIN1), consider the equivalence relations min, max, (min,max), = and
FIN2, defined by
(s, t) ∈ min⇔ min(a) = min(b)
(s, t) ∈ max⇔ max(a) = max(b)
(s, t) ∈ (min,max)⇔ min(a) = min(b) and max(a) = max(b)
“=” and FIN2 are the trivial relations. List
R1 = {min,max, (min,max),=, F IN
2}
In [20] the following was proven:
Theorem 9 (Taylor [20]). For every equivalence relation R on FIN there exists A ∈ FIN [∞]
such that the restriction of R to [A] coincides with one of the members of R1.
The members of R1 are known as canonical relations on FIN .
For k > 1 the corresponding list of canonical equivalence relations is longer. To give the list
we need some definitions, taken from [11].
Definition 6.1. For i ≤ k define the maps mini, maxi : FINk → N by mini(a) =min
{n : a(n) = i} and 0 if i 6∈ rank(a), maxi(a) =max{n : a(n) = i} and 0 if i 6∈ rank(a). We
say that a ∈ FINk is a system of staircase (sos in short) if it satisfies
a) rank(a) = {0, 1, . . . , k}
b) mini(a) < minj(a) < maxj(a) < minj(a), for i < j ≤ k.
c) For every 1 ≤ i ≤ k
rank(a ↾ [mini−1(a), mini(a)]) = {0, 1, . . . , i}
rank(a ↾ [maxi(a), maxi−1(a)]) = {0, 1, . . . , i}
rank(a ↾ [mink(a), maxk(a)]) = {0, 1, . . . , k}
We say that A = (a1, a2, . . . ) ∈ FIN
[∞]
k is a sos if every aj is a sos.
Definition 6.2. Let R be an equivalence relation on FINk. Given A ∈ FIN
[∞]
k , we say that
R is canonical in [A] if for every sos B ≤ A one of the following holds:
• ∀a, b ∈ [B] (a, b) ∈ R or
• ∀a, b ∈ [B] (a, b) 6∈ R.
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If R is canonical in FINk we say that R is canonical.
Define the equivalence relations mink, maxk, (min,max)k on FINk by
(a, b) ∈ mink ⇔ mink(a) = mink(b)
(a, b) ∈ maxk ⇔ maxk(a) = maxk(b)
(min,max)k = mink ∩maxk
Analogously, define the relations mini, maxi and (min,max)i, for 1 ≤ i ≤ k−1. All of these
are examples of canonical relations. In [11], it has been proven the following generalization
of Theorem 9:
Theorem 10 (Lo´pez–Abad [11]). There exists a finite collection
Rk = {R1, R2, . . . , Rtk}
of canonical equivalence relations on FINk such that for every equivalence relation R on
FINk there exist m ∈ {1, 2, . . . , tk} and an sos A ∈ FIN
[∞]
k such that the restriction of R
to [A] coincides with Rm.
Theorem 10 has the following relativized version:
Theorem 11 (Lo´pez–Abad [11]). There exists a finite collection
Rk = {R1, R2, . . . , Rtk}
of canonical equivalence relations on FINk such that for every A ∈ FIN
[∞]
k and every
equivalence relation R on [A] there exist m ∈ {1, 2, . . . , tk} and an sos B ≤ A such that the
restriction of R to [B] coincides with Rm.
tk is given by the following:
tk = (k!ek(1))
2 + k(k!ek(1)− (k − 1)!ek−1(1))
2
where, for every n, en(1) =
∑n
j=0
1
j!
.
Now, fix Rk = {R1, R2, . . . , Rtk} as in Theorem 11.
Definition 6.3. A coideal H on FINk is said to have the canonical partition property
if for every equivalence relation R on FINk there exist m ∈ {1, 2, . . . , tk} and A ∈ H such
that the restriction of R to [A] coincides with Rm.
We conclude with the following
Theorem 12. If H is a semiselective Gowers coideal of block sequences then it has the
canonical partition property.
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Proof. Let R be an equivalence relation on FINk, Rk as in Theorem 10 and let
X = {A ∈ FIN
[∞]
k : ∃m ≤ tk (R ↾ [A] = Rm)}
Then X is nonempty by Theorem 10. Furthermore, X is closed. In fact, let B = (b1, b2, . . . )
be in the closure of X . For every n, there exists An ∈ X in the basic neighborhood
[(b1, b2, . . . , bn)]. Consider (Anj )j a subsequence (Anj )j ⊆ (An)n such that for every j the
restriction of R to [Anj ] coincides with, say, Rm. To see that B ∈ X , fix a, b ∈ [B] and l large
enough so that nl ≥ max{max(supp(a)), max(supp(b))} then both a and b are member of
[Anj ] for j ≥ l. Therefore a R b ⇔ a Rm b. This proves that B ∈ X . By corollary 5 X
is H–Ramsey. Consider A ∈ H such that [∅, A] ⊆ X or [∅, A] ∩ X = ∅. By theorem 11,
[∅, A] ∩ X 6= ∅. Hence A ∈ X .
7 Final comments
On the stability of Lipschitz functions on S(c0). In [8], Gowers used Theorem 1 above
to prove the following:
Theorem 13 (Gowers; Theorem 6 in [8]). Let F : S(c0)→ R be an unconditional Lipschitz
function. For every real number ǫ > 0, there exists an infinite-dimensional positive block
subspace X of c0 such that sup{|F (x)− F (y)| : x, y ∈ S(X)} < ǫ.
A function satisfying the conclusion of Theorem 13 is sometimes called ǫ-stable.
Given ǫ > 0, let δ = ǫ/2 and choose an integer k such that 1/(1 + δ)k−1 < δ. Let ∆k be the
collection of functions h : N → {1, 1/(1 + δ), . . . , 1/(1 + δ)k−1} which are finitely supported
and such that h(n) = 1 for some n. Then ∆k is a δ-net of PS(c0). There exists a bijective
correspondence Θ : ∆k → FINk defined by Θ(h)(n) = k + logδ+1(h(n)), if h(n) 6= 0; and
Θ(h)(n) = 0, otherwise.
Given an unconditional Lipschitz function F : S(c0) → R (with Lipschtiz constant equal to
1, without loss of generality), it is possible to use F to define a suitable finite coloring of ∆k
(see the proof of Theorem 6 in [8] for more details) and then use the bijection Θ to induce a
finite coloring f of FINk in such a way that any A ∈ FIN
[∞]
k given by Theorem 1 for which
f is constant on [A] corresponds to a block basis of c0 whose generated subspace X satisfies
the conclusion of Theorem 13.
Now, given a Gowers coideal H ⊆ FIN
[∞]
k , since by definition it satisfies a local version of
Theorem 1, it would be interesting to understand the nature of the family of block bases of c0
(or the family of subspaces of c0) which correspond to H via the bijection Θ. This could be a
means to find more examples of Gowers coideals of block sequences. On the other hand, this
could possibly open a highway to transfer the notions of semiselectivity, local Ramseyness,
etc, to families of subspaces of c0 and study the relation of such families with the stability
of Lipschitz funtions.
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Semiselective Gowers coideals versus stable ordered-union ultrafilters. In [1],
Blass introduced the stable ordered-union ultrafilters on FIN and proved that they satisfy
local versions of Hindman’s theorem [9] and Ramsey’s theorem for unions [14], the canonical
partion property related to Taylor’s theorem [20] and the infinitary partition property related
to a theorem of Milliken’s [14] which states that analytic subsets of FIN [∞] are Ramsey. On
the other hand, for k = 1, Theorems 6 and 12, and Corollary 5 in this paper show that
semiselective Gowers coideals of block sequences also satisfy all these properties, besides a
local version of a Galvin’s theorem for unions (Theorem 4 above). Nevertheless, the existence
of stable ordered-union ultlafilters cannot be deduced from ZFC alone (see [1] and [2]), but
in this paper we have given examples of semiselective Gowers coideals of block sequences in
ZFC.
Finally,
Concerning the study of the local Ramsey property in the context of the theory
Ramsey spaces. The results presented in this paper give us a hint on the conditions to
be imposed on a family H of elements of a topological Ramsey space R, in order to obtain
a local version (with respect to H) of the abstract Ellentuck theorem (see [21]). Obviously,
Theorem 3 above suggests that, besides a property corresponding to semiselectivity, H must
satisfy a local version of the pigeon hole principle satisfied byR (in the case of the topological
Ramsey space FIN
[∞]
k the pigeon hole principle considered is precisely Gowers’ theorem [8]
– Theorem 1 above). We refer the reader to [13] for partial results on an abstract study of
the local Ramsey property.
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